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TWISTED GROUP RINGS WHOSE
UNITS FORM AN FC-GROUP
Victor Bovdi
Abstract. Let U(KλG) be the group of units of an infinite twisted group algebra
KλG over a field K. We describe the maximal FC-subgroup of U(KλG) and give
a characterization of U(KλG) with finitely conjugacy classes. In the case of group
algebras we obtain the Cliff-Sehgal-Zassenhaus’ theorem.
1. Introduction. Let G be a group, K a field and λ : G×G 7−→ U(K) a 2-cocycle
of G with respect to the trivial action G. Then the twisted group algebra KλG
of G over field K is an associative K-algebra with basis {ug | g ∈ G} and with
multiplication defined for all g, h ∈ G
uguh = λg,hugh, (λg,h ∈ λ)
and using distributivity.
Let U(KλG) be the group of units of KλG and let ∆U be its subgroup consisting
of all elements with finitely many conjugates in U(KλG). This subgroup ∆U is
called the FC-center of U(KλG). Clearly, if ∆U = U(KλG), then U(KλG) is an
FC-group (group with finite conjugacy classes).
The problem to study the group of units of group rings with FC property was
posed by S.K. Sehgal and H.J. Zassenhaus [1]. For a field K of characteristic 0 they
described all groups G without subgroups of type p∞ for which the group of units
of the group algebra of G over K is an FC group. This was spelling for arbitrary
groups by H.Cliff and S.K.Sehgal [2].
In this paper we describe the subgroup ∆U when KλG is infinite. Let t(∆U)
be the group of all elements of finite order of ∆U . Then ∆U is a solvable group of
length at most 3 and subgroup t(∆U) is of nilpotent class at most 2. This is new
even for group algebras. We use this result for characterization of those cases when
U(KλG) has FC property, and obtain a generation of the Cliff-Sehgal-Zassenhaus
theorem for twisted group algebras.
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2. The FC center of U(KλG). By the Theorem of B.H. Neumann [3] the
elements of finite order in ∆U form a normal subgroup which we denote by
t(∆U), and the factorgroup ∆U/t(∆U) is a torsion free abelian group. Evidently,
G = {κua | κ ∈ U(K), a ∈ G} is a subgroup in U(KλG), while U(K) is a normal
subgroup in G, with factorgroup G/U(K) isomorphic to G.
If x is a nilpotent element of the ring KλG then the element y = 1+ x is a unit
in KλG and is referred to as a unipotent element of U(KλG).
Let ζ(G) be the center of group G and [g, h] = g−1h−1gh (g, h ∈ G).
Lemma 1. Let KλG be an infinite twisted group algebra. Then all unipotent ele-
ments of the subgroup ∆U are central in ∆U .
Proof. Let y = 1 + x be a unipotent element of ∆U and v ∈ ∆U . Then for a
positive integer k we have xk = 0 and by induction on k we will prove vx = xv.
The subgroup G = {κua | κ ∈ U(K), a ∈ G} is infinite and by Poincare´’s
Theorem the centralizer S of the subset {v, y} of G is a subgroup of finite index
in G. Since G is infinite, S is infinite and fy = yf for all f ∈ S. Then xf
is nilpotent and 1 + xf is a unit in KλG. We can see easily that the set {(1 +
xf)−1v(1 + xf) | f ∈ S} is finite. Let v1, . . . , vt be the elements of this set and
Wi = {f ∈ S | (1+xf)
−1v(1+xf) = vi}. Then S = ∪Wi and there exists an index
j such that Wj is infinite. Fix an element f ∈ Wj . Any element q ∈ Wj , q 6= f
satisfies
(1 + xf)−1v(1 + xf) = (1 + xq)−1v(1 + xq)
and
v(1 + xf)(1 + xq)−1 = (1 + xf)(1 + xq)−1v.
Then
v{(1 + xq) + (xf − xq)}(1 + xq)−1 = {(1 + xq) + (xf − xq)}(1 + xq)−1v,
v(1 + x(f − q)(1 + xq)−1) = (1 + x(f − q)(1 + xq)−1)v
and
vx(f − q)(1 + xq)−1 = x(f − q)(1 + xq)−1v. (1)
Now we use the induction mentioned above. For k = 1 the statement is trivial; so
we suppose it is true for all 1 ≤ n < k, where k ≥ 2 is any given integers.
If m ≥ 2, then by induction hypothesis xmv = vxm for all v ∈ ∆U . Clearly, if
i ≥ 1 then
x(f − g)xiqiv = (f − g)xi+1qiv = (f − g)vxi+1qi = vx(f − g)xiqi.
From (1) we have
vx(f − q)(1− xq + x2q2 + · · ·+ (−1)k−1xk−1qk−1)
= x(f − q)(1− xq + x2q2 + · · ·+ (−1)k−1xk−1qk−1)v.
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So (f − q)(vx− xv) = 0.
Now suppose xv 6= vx. The element q−1f ∈ G can be written as λuh
(λ ∈ U(K), h ∈ G). By vx− xv =
∑s
i=1 αiugi 6= 0, then we have
s∑
i=1
λαiuhugi −
s∑
i=1
αiugi = 0.
If h ∈ G satisfies this equation, then g1 = hgj for some j, and the number of such
elements h is finite. Since Wj = {λuh | λ ∈ U(K)} is an infinite set, there exist
h and different elements λ1, λ2 ∈ K such that λ1uh, λ2uh ∈ Wj . Then (λiuh −
1)(vx − xv) = 0, (i = 1, 2) and we obtain (λ1uh − λ2uh)(vx − xv) = 0. This
condition is satisfied only if vx = xv but does not hold. 
Lemma 2. Let KλG be an infinite twisted group algebra, H a finite subgroup of
∆U and LH the subalgebra of KλG generated by H. Then the group of units U(LH)
of the algebra LH is contained in ∆U , and the factorgroup U(LH)/(1 + J(LH)) is
abelian.
Proof. If H is a finite subgroup of ∆U and LH is the subalgebra of KλG
generated by H, then LH is a finite algebra over K and its radical J(LH) is nilpo-
tent. Then U(LH) is a subgroup of ∆U and by Lemma 1 all unipotent elements of
U(LH) are central in ∆U . Therefore 1 + J(LH) is a central subgroup of ∆U and
J(LH) ⊂ ζ(LH), where ζ(LH) is the center of LH . Then by Theorem 48.3 in [4]
(p.209)
LH = LHe1 ⊕ · · · ⊕ LHen ⊕N, (2)
where LHei is a semiprime algebra (i.e. LHei/J(LHei) is a division ring), N is a
commutative artinian radical algebra, e1, . . . , en are pairwise orthogonal idempo-
tents. By Lemma 13.2 in [4] (p.57) any idempotent ei is central in LH and U(LHei)
is isomorphic to the subgroup 〈1− ei + zei | z ∈ U(LH)〉 of U(LH).
Since U(LHei) is a subgroup of the FC-group ∆U , it is an FC-group, too. As
J(LHei) is nilpotent (see [5]),
U(LHei)/(1 + J(LHei)) ∼= U(LHei/J(LHei)). (3)
By Scott’s Theorem [7], in the skewfield LHei/J(LHei) every nonzero element is
either central or its conjugacy class is infinite. Thus the FC-group U(LHei)/(1 +
J(LHei)) is abelian.
Decomposition (2) implies
LH/J(LH) ∼= LHe1/J(LHe1)⊕ · · · ⊕ LHen/J(LHen)
and
U(LH)/(1 + J(LH)) ∼= U(LH/J(LH))
∼= U(LHe1/J(LHe1))× · · · × U(LHen/J(LHen)).
Therefore U(LH)/(1 + J(LH)) is abelian. 
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Theorem 1. Let KλG be an infinite twisted group algebra and t(∆U) the subgroup
of ∆U consisting of all elements of finite order in ∆U . Then all elements of the
commutator subgroup of t(∆U) are unipotent and central in ∆U .
Proof. Let H be a finite subgroup of t(∆U) and LH be the subalgebra of
KλG, generated by H. Then the elements of the subgroup H1 = H ∩ (1 + J(LH))
are unipotent and (by Lemma 1) central in ∆U . The subgroup H(1 + J(LH)) is
contained in U(LH) and
H/H1 = H/(H ∩ (1 + J(LH))) ∼= (H(1 + J(LH)))/(1 + J(LH)).
By Lemma 2 the factorgroup U(LH)/(1 + J(LH)) is abelian. So H/H1 is abelian
and the commutator subgroup of H is contained in H1 and consists of unipotent
elements.
Since the commutator subgroup of t(∆U) is the union of the commutator sub-
groups of the finite subgroups of t(∆U), all elements of the commutator subgroup
of t(∆U) are unipotent and are central in ∆U . 
Theorem 2. Let KλG be an infinite twisted group algebra such that char(K) does
not divide the order of any element of the subgroup ∆G. Then t(∆U) is abelian.
Proof. Let H be a finite subgroup of the commutator subgroup of t(∆U). Then
(by Theorem 1) H is contained in the center of ∆U . The set {u−1g Hug | g ∈ ∆G}
contains only a finite number of subgroups H1, H2, . . . , Ht. The subgroup L = H1 ·
H2 · · ·Ht is finite and is invariant under the inner automorphism fg(x) = u
−1
g xug
of the ring Kλ∆G, where g ∈ ∆G. Let x1, . . . , xs be all elements of L. Then
yi = xi − 1 is a nilpotent element, and in the commutative ring L the elements
y1, . . . , ys commute. Therefore
J ∼= {
s∑
i=1
αiyi | αi ∈ K, xi = yi + 1 ∈ L}
is a nilpotent subring. Let
F = {
s∑
i=1
αiyizi | αi ∈ K, xi = yi + 1 ∈ L, zi ∈ Kλ∆G}.
Let us prove that F is a nilpotent right ideal of Kλ∆G. If z =
∑
j βjugj ∈ Kλ∆G
then yiz =
∑
j βjugju
−1
gj
yiugj , and u
−1
gj
yiugj equals one of the elements y1, . . . , ys.
This and the nilpotency of the ring J imply that F is a nilpotent ring. By Passman’s
Theorem [6], if char(K) does not divide the order of any element of ∆G thenKλ∆G
does not contain nilideals. Therefore F = 0, L = 1 and the commutator subgroup
t(∆U) is trivial, so t(∆U) is abelian. 
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Corollary. Let Kλ∆G be an infinite twisted group algebra. Then ∆U is a solvable
group of length at most 3, and subgroup t(∆U) is of nilpotent class at most 2.
3. The FC property of U(KλG).
Lemma 3. Let L be a subfield of the twisted group algebra KλG, where K is a
subfield of L, g ∈ G an element of order n and
λg = u
n
g = λg,gλg,g2 · · ·λg,gn−1 .
If αn 6= λg for some α ∈ L and αug = ugα then ug − α is a unit in KλG.
Furthermore, if L is an infinite field then the number of such units is infinite.
Proof. Let α ∈ L, αn 6= λg and ugα = αug. Then λg − α
n is a nonzero element
of L and
(αn−1 + αn−2ug + · · ·+ αu
n−2
g + u
n−2
g )(λg − α
n)−1
is the inverse of ug − α. We know that the number of solutions of the equation
xn − λg = 0 in L does not exceed n. Thus in an infinite field L there are infinitely
many elements not satisfying the equation xn − λg = 0. 
Lemma 4. Let G be an infinite locally finite group and char(K) does not divide
the order of any element of G. If U(KλG) is an FC-group then G is abelian and
KλG is commutative.
Proof. Let W be a finite subgroup of G. Then the subalgebra KλW is a
semiprime artinian ring and by the Wedderburn-Artin Theorem
KλW = M(n1, D1)⊕ · · · ⊕M(nt, Dt),
where each Dk is a skewfield and M(nk, Dk) is a full matrix algebra. Let ei,j , ej,i
be matrix units in M(nk, Dk) and i 6= j. Then the unipotent elements 1 + ei,j ,
1 + ej,i are central in KλG (see Theorem 1) which is impossible if i 6= j. Thus
nk = 1 and KλW is a direct sum of skewfields, KλW = D1 ⊕D2 ⊕ · · · ⊕Dt and
U(KλW ) = U(D1)× U(D2)× · · · × U(Dt).
By Scott’s Theorem [7] any nonzero element of a skewfield is either central or has
an infinite number of conjugates. Therefore KλW is a direct sum of fields and W is
abelian. Since G is a locally finite group, G is abelian and KλG is a commutative
algebra. 
Lemma 5. Let KλG be infinite and char(K) does not divide the order of any
element of the normal torsion subgroup L of G. If U(KλG) is an FC-group, then
all idempotents of KλL are cental in KλL.
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Proof. Let the idempotent e ∈ KλL be noncentral in KλG. Then there are
exists g ∈ G such that eug 6= uge. The subgroup H = 〈g
−isupp(e)gi | i ∈ Z〉 is
finite and for any a ∈ G the subalgebra KλH of KλL is invariant under the inner
automorphism φ(x) = u−1a xua. It is easy to see (by Lemma 4) that KλH is a
commutative semisimple K-algebra of finite rank and the idempotent e ∈ KλH is
a sum of primitive idempotents. Consequently, there exists a primitive idempotent
f of KλH which does not commute with ug. Then the idempotents f and u
−1
g fug
are orthogonal and (ugf)
2 = ugfugf = u
2
g(u
−1
g fug)f = 0. By Theorem 1 the
unipotent element 1 + ugf commutes with ug and (1 + ugf)ug = ug(1 + ugf)
implies ugf = fug, which is impossible. Thus, all idempotents of KλL are central
in KλG. 
Lemma 6. Let U(KλG) be an FC-group and t(G) the set of elements of finite
order in G. Then
1. G is an FC-group;
2. if there exists an infinite subfield L in the center of KλG such that L ⊇ K then
t(G) is central in G and λg,h = λh,g (h ∈ t(G), g ∈ G).
Proof. If U(KλG) is an FC-group then G = {λug | λ ∈ U(K), g ∈ G} is an
FC-subgroup. Clearly U(K) is normal in G and G ∼= G/U(K). We conclude that
G is an FC-group as it is a homomorphic image of the FC-group G.
Let L be an infinite field which satisfies condition 2. of the Lemma. Then by
Lemma 1 for any h ∈ t(G) there exists a countable set S = {αi ∈ L | i ∈ Z} such
that uh − αi is a unit for all i ∈ Z. Suppose that uguh 6= uhug for some g ∈ G.
Next we observe that the equality
(uh − αi)ug(uh − αi)
−1 = (uh − αj)ug(ug − αj)
−1
holds only in case αi = αj. Since
(uh − αi)(uh − αj)
−1 = 1 + (αj − αi)(uh − αj)
−1,
we obtain that (αi − αj)(uguh − uhug) = 0 and αi = αj. It follows that the set
{(uh − αj)ug(uh − αj)
−1 | i ∈ Z}
is infinite which contradicts the condition that U(KλG) is an FC-group. Then
uguh = uhug, so [g, h] = 1, t(G) ⊆ ζ(G) and λg,h = λh,g (h ∈ t(G), g ∈ G). 
Lemma 7. Let G be an abelian torsion group, KλG a commutative semisimple
algebra and v an idempotent of KλG. If KλGv contains a finite number of idem-
potents then KλGv is a direct sum of finitely many fields.
Proof. If e1, . . . , es are all the idempotents of KλGv, then
L = 〈supp(e1), . . . , supp(et)〉
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is a finite subgroup in G and KλLv is a direct sum of finitely many fields,
KλLv = (KλLv)f1 ⊕ · · · ⊕ (KλLv)ft,
where f1, . . . , ft are orthogonal primitive idempotents of KλLv. The corresponding
direct sum in KλGv is
KλGv = (KλGv)f1 ⊕ · · · ⊕ (KλGv)ft.
We show that the element 0 6= x ∈ (KλGv)fi is a unit. R = 〈L, supp(x)〉 is a finite
subgroup and KλRv is a direct sum of finitely many fields,
KλRv = (KλRv)l1 ⊕ · · · ⊕ (KλRv)lt,
and each idempotent fi is either equal to an idempotent lj or is a sum of these
idempotents. If fi = lj then xfi ∈ (KλRv)lj and x is a unit in (KλLv)fi. If
fi = li1 + li2 (li1 , li2 ∈ KλLv) then (KλLv)fi = (KλLv)li1 ⊕ (KλLv)li2 , but this
does not hold. 
Theorem 3. Let KλG be an infinite twisted group algebra of char(KλG) = p, such
that t(G) contains a p-element and either the field K is perfect or for any element
g ∈ G of order pk, the element up
k
g is an algebraic element over the prime subfield
of K. Then U(KλG) is an FC-group if and only if G is an FC-group and satisfies
the following conditions:
1. p = 2 and | G′ |= 2;
2. t(G) is central in G and t(G) = G′ × H, where H is abelian, and has no 2-
elements;
3. KλH is a direct sum of a finite number of fields;
1
4. {λ−1
h,h−1
λh−1,gλh−1g,h | h ∈ H} is a finite set for all g ∈ G.
Proof. Necessity. By Lemma 6 G is an FC-group. Let g be an element of
order pk. Then up
k
g = λg ∈ U(K), and in the perfect field K we can take the
pk-th root of λg which we denote by µ. If K0 is the prime subfield of K and λg is
algebraic over K0 then K0(λg) is a finite field and so it is perfect. Thus ug − µ is
nilpotent and 1+µ−ug and (by Theorem 1) the element 1− (ug−µ)ua are central
in U(KλG). Then for any b ∈ G by
ub(1− (ug − µ)ua) = (1− (ug − µ)ua)ub
implies
ubugua − µubua − uguaub + µuaub = 0. (4)
1If KλH is a group ring then H is a finite abelian group.
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Each ug can be written in the form µ+ (ug − µ) and so µ
−1ug = 1 + µ
−1(ug − µ).
Thus µ−1ug is an unipotent element and it commutes with ub and ua. Then (4)
can be written as
ugubua − uguaub − µubua + µuaub = 0. (5)
If [a, b] = 1 then by (5), (λa,b − λb,a)(ug − µ) = 0. From this equation we get that
the coefficient of ug must be zero and λa,b = λb,a. Thus, ubua = uaub.
Let [a, b] 6= 1. Then by (5), ugubua = −µuaub and uguaub = −µubua. So
{
ug = −µ[u
−1
a , u
−1
b ]
−1,
ug = −µ[u
−1
a , u
−1
b ].
(6)
Consequently u2g = µ
2 and (ugµ
−1)2 = 1. Note that in (6) g may be any p-element,
further a and b may be any noncommuting elements of G. This is possible only if
p = 2. Then the commutator subgroup G
′
of group G is of order 2 and coincides
with the Sylow 2-subgroup of G. Thus G
′
⊆ ζ(G) and G is a nilpotent group of
class at most 2. Let
L = 〈µuh | µ ∈ U(K), h ∈ t(G)〉.
Then L/U(K) is a torsion nilpotent group and its 2-Sylow subgroup is of order 2.
Here L is abelian, because G
′
is of order 2 and it is a subgroup in L. Therefore
t(G) is abelian and t(G) = S ×H, where S = 〈g | g2 = 1〉 is the Sylow 2-subgroup
of t(G) and all elements of H are of odd order.
We show that KλH is central in KλG. Let h ∈ H, a ∈ G and [ua, uh] 6= 1. Then
[ua, uh] = µug and
λua−1h−1ah = µug. (7)
It is clear that [a, h] ∈ H and the order of [a, h] is odd, because H is normal in
G. Since g is a 2-element, (7) does not hold. Thus KλH is central in KλG and
t(G) ⊆ ζ(G).
Let us prove that KλH contains only a finite number of idempotents. Suppose
KλH contains an infinite number of idempotents e1, e2, . . . . If d, b ∈ G and [b, d] =
g 6= 1 then g2 = 1 and (by Lemma 5) the element 1− ei + udei is a unit. Clearly,
(1− ei + udei)
−1ub(1− ei + udei) = ub(1− ei + µugei),
where µ = λ−1
d,d−1
λ−1
b,b−1
λd−1,bλd−1b,dλd−1bd,b−1 .
If i 6= j then 1− ei + µugei 6= 1− ej + µugej . Indeed, if
1− ei + µugei = 1− ej + µugej ,
then (ei − ej)(µug − 1) = 0. Since ei − ej ∈ KλH and ug /∈ KλH, the last equality
is true only in case i = j. Therefore if i 6= j then 1−ei+µugei 6= 1−ej+µugej and
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ub has an infinite number of conjugates, which does not hold. Thus KλH contains
a finite number of idempotents e1, . . . , et, and (by Lemma 7) KλH is a direct sum
of a finite number of fields.
Since {u−1g uhug | g ∈ G} is a finite set, we obtain condition 4. of the Theorem.
Sufficiency. Let the conditions of the Theorem be satisfied. We prove that
U(KλG) is an FC-group.
Let G′ = 〈a | a2 = 1〉 be the commutator subgroup of G and µ2 = λa,a. Thus
the ideal I = KλG(ua − µ) is nilpotent.
In KλG we choose a new basis {wg | g ∈ G},
wg =
{
ug, if g ∈ G \ 〈a〉,
µ−1ug, if g ∈ 〈a〉.
Let G = ∪bj〈a〉 be the decomposition of the group G by the left cosets of 〈a〉. The
element x+ I ∈ KλG/I can be written as
x+ I =
∑
i
αiwbi +
∑
i
βiwbiwa + I
=
∑
i
αiwbi +
∑
i
βiwb(wa − 1) +
∑
i
βiwbi + I =
∑
i
(αi + βi)wbi + I.
We show that KλG/I is commutative. Indeed
(wg + I)(wh + I) = wgwh + I = whwg[wg, wh] + I,
and the commutator [wg, wh] is either 1 or wa. If [wg, wh] = wa then
wgwh + I = whwgwa + I = whwg(wa − 1) + whwg + I = whwg + I.
We will construct the twisted group algebra KµH of the group H = G/〈a〉 over the
field K with the system of factors µ.
Let Rl(G/〈a〉) be a fixed set of representatives of all left cosets of the subgroup
〈a〉 in G and H = 〈hi = bi〈a〉 | bi ∈ Rl(G/〈a〉)〉. The element wbi + I is denoted by
thi . If hihj = hk, then bibj = bka
s (s = {0, 1}), and
thithj = wbiwbj + I = λbi,bjwbkas + I = λbi,bjλ
−1
bk,as
wbkwas + I
= λbi,bjλ
−1
bk,as
wbk + λbi,bjλ
−1
bk,as
wbk(was − 1) + I
= λbi,bjλ
−1
bk,as
wbk + I.
Let µhi,hj = λbi,bjλ
−1
bk,as
and µ = {µa,b | a, b ∈ H}. Let {th | h ∈ H} be a
basis of the twisted group algebra KµH with the system of factors µ. Clearly,
thithj = µbi,bj thk .
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Let t(H) be the set of elements of finite order of H and H = ∪cit(H) the
decomposition of the group H by the cosets of the subgroup t(H). Then elements
x, x−1 ∈ U(KµH) can be given as
x =
t∑
i=1
αitci and x
−1 =
s∑
i=1
βitdi ,
where αi, βj are nonzero elements of Kµt(H). The subgroup
L = 〈supp(α1), . . . , supp(αt), supp(β1), . . . , supp(βs)〉
is finite and KµL is a direct sum of fields
KµL = e1KµL⊕ · · · ⊕ enKµL. (8)
Let xek =
∑n
i=1 γitci and x
−1ek =
∑m
i=1 δitdi , where γi, δj are nonzero elements of
the field KµLek.
We know [8], that a torsionfree abelian group is orderable. Therefore we can
assume that
ci1t(H) < ci2t(H) < · · · < cint(H)
and
dj1t(H) < dj2t(H) < · · · < djmt(H).
Then ci1dj1t(H) is called the least and cindjmt(H) is called the greatest among the
elements of the form cisdjq t(H). It is easy to see that ci1dj1t(H) < cindjmt(H) if
n > 1 or m > 1. Therefore γδ1tci1 tdj1 6= γnδmtcin tdjm . Since x
−1ekxek = ek, we
have n = m = 1, xek = γtcr and x
−1ek = γ
−1t−1cr . Thus, elements x and x
−1 can
be written as
x =
t∑
i=1
γitci and x
−1 =
t∑
i=1
γ−1i t
−1
ci
,
where γ1, . . . , γt are orthogonal elements.
Let φ : KλG/I 7→ KµH be an isomorphism of these algebras. If x ∈ U(KλG)
then φ(x + I) =
∑t
i=1 γitci and γi ∈ KµLei. It is easy to see that there exists an
abelian subgroup L of G such that L = L/〈a〉. The algebra KλL is commutative
and its radical is a nilpotent ideal equal to I∩KλL. Since KµL/(I∩KλL) ∼= KλL,
by the classic method of lifting idempotents, there exist idempotents f1, . . . , ft in
KµL such that f1 + · · · + ft = 1 and fi + I = ei. Then x = xf1 + · · · + xft
and φ(xfi + I) = γitci , where hi = bi〈a〉, bi ∈ G. Then there exists an element
vi ∈ KλLfi such that φ(vi + I) = γi and φ(viwgi + I) = γithi . We can find an
element r ∈ I such that xfi = (vi + rfi)wgi .
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Clearly si = vi + rfi is a unit in KµLfi and is central in KλG. Then s1, . . . , st
are orthogonal and x =
∑t
i=1 siwgi , x
−1 =
∑t
i=1 s
−1
i w
−1
gi
. Since si ∈ ζ(KλG),
x−1wgx =
∑t
i=1 w
−1
gi
wgwgi for any g ∈ G. Because G is an FC-group, then by
condition 4. of the Theorem wg has finite number of conjugates. Thus U(KλG) is
an FC-group. 
Lemma 8. Let K be a field such that char(K) does not divide the order of any
element of t(G), Kλt(G) a commutative algebra that does not contain a nontrivial
minimal idempotent. Then for any idempotent e ∈ Kλt(G) there exists an infinite
set of idempotents e1 = e, e2, . . . such that
ekek+1 = ek+1 (k ∈ N). (9)
Proof. Suppose Kλt(G) does not contain a nontrivial minimal idempotent.
First we prove that for any idempotent there exists an infinite set of idempotents
e1, e2, . . . in Kλt(G) satisfying condition (9).
Let e1 be an idempotent of Kλt(G) and H1 = 〈supp(e1)〉. Then the ideal
Kλt(G)e1 is not minimal and contains a nontrivial ideal I1 of Kλt(G). Let
0 6= x1 ∈ I1 and H2 = 〈H1, supp(x1)〉. Then I1 = I1 ∩ KλH2 is an ideal
of KλH2 and I1 is generated by the idempotent e2 because H2 is a finite sub-
group of t(G) and the commutative algebra KλH2 is semiprime. It is easy to see
that e1 = e2 + f , f 6= 0 and e1e2 = e2. Indeed, if f = 0, then e1 = e2 and
Kλt(G)e1 = Kλt(G)e2 ⊂ I1, which does not hold. The ideal Kλt(G)e2 contains a
nontrivial ideal I2 of Kλt(G). We choose a nonzero element 0 6= x2 ∈ I2 and con-
struct the subgroup H3 = 〈H2, supp(x2)〉. The ideal I2 = I2 ∩KλH3 is generated
by the idempotent e3 and e2e3 = e3 6= e2. This method enables us to construct an
infinite number of idempotents e1, e2, . . . , satisfying condition (9), which completes
the proof. 
Lemma 9. Let K be a field such that char(K) does not divide the order of any
element of t(G), and U(KλG) an FC-group. If the commutative algebra Kλt(G)
contains an infinite number of idempotents f1, f2, . . . and g = [a, b] (a, b ∈ G) is
an element of order n then the commutators [ua, ub] and [a, b] have the same order
and
(fi − fj)(1− [ua, ub]) = 0 (10)
for some i 6= j.
Proof. Let g = [a, b] 6= 1, where a, b ∈ G. By B.H. Neumann’s Theorem G/t(G)
is abelian, thus g ∈ t(G) and 1− fi + ubfi is a unit in KλG. The element ua has a
finite number of conjugates in U(KλG) and
(1− fi + u
−1
b fi)ua(1− fi + ubfi) = ua(1− fi + [ua, ub]fi).
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Consequently there exist i and j (i < j), such that
1− fi + [ua, ub]fi = 1− fj + [ua, ub]fj
and
(fi − fj)(1− [ua, ub]) = 0. (11)
If n is the order of g = [a, b] then
[ua, ub] = λ
−1
a−1,a
λ−1
b−1,b
λa−1,b−1λa−1b−1,aλa−1b−1a,bug
and [ua, ub]
n = γ ∈ U(K). Then by (11) we have that γ(fi − fj) = fi − fj. Thus
γ = 1 and [ua, ub]
n = 1. 
Theorem 4. Let KλG be an infinite twisted group algebra, and char(K) does not
divide the order of any element of t(G). If Kλt(G) contains only a finite number
of idempotents then U(KλG) is an FC-group if and only if G is an FC-group and
the following conditions are satisfied:
1. all idempotents of Kλt(G) are central in KλG;
2. {λ−1
h,h−1
λh−1,gλh−1g,h | h ∈ H} is a finite set for every g ∈ G;
3. Kλt(G) is a direct sum of a finite number of fields;
4. if Kλt(G) is infinite then it is central in KλG.
Proof. Necessity. By Lemma 4, 6 and 7 Kλt(G) is commutative, G is an FC-
group and all idempotents of Kλt(G) are central in KλG. Since {u
−1
g uhug | g ∈ G}
is a finite set, condition 2. of the Theorem is satisfied.
SinceKλt(G) contains only a finite number of idempotents (by Lemma 7)Kλt(G)
is a direct sum of a finite number of fields. Let Kλt(G) be infinite and Kλt(G)ei
is invariant under the inner automorphism ϕ(x) = u−1g xug for any g ∈ G. Since
〈ug, Kλt(G)ei \ {0}〉 is an FC-group there are exists an infinite subfield Lg of
Kλt(G)ei such that yug = ugy for every y ∈ L. Let H = 〈g, t(G)〉. Then KλH is a
subalgebra of KλG and (by Lemma 6) Kλt(G) is central in KλH.
Sufficiency. Let Kλt(G) be a direct sum of fields,
Kλt(G) = F1 ⊕ F2 ⊕ · · · ⊕ Ft.
Then Fi = Kλt(G)ei, where ei is a central idempotent in KλG. It is easy to see
that KλG is a direct sum of ideals
KλG = KλGe1 ⊕ · · · ⊕KλGet. (12)
Let us prove that KλGeq is isomorphic to a crossed product Fq ∗ H of the group
H = G/t(G) and the field Fq.
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Let Rl(G/t(G)) be a fixed set of representatives of all left cosets of the subgroup
t(G) in G. Any element x ∈ KλGeq can be written as
x = equc1γ1 + · · ·+ equcsγs,
where γk ∈ Kλt(G), ck ∈ Rl(G/t(G)). If cicj = ckh (h ∈ t(G)) then
uciucj = ucicjλci,cj = uckhλci,cj = uckuhλ
−1
ck,h
λci,cj .
We will construct the crossed product Fq ∗H, where
H = {hi = cit(G) | ci ∈ Rl(G/t(G))}.
Let α ∈ Fq and σ be a map from H to the group of automorphism Aut(Fq) of the
field Fq such that σ(hi)(α) = u
−1
ci
αuci and let µhi,hj = uhλ
−1
ck,h
λci,cj .
Clearly, the set µ = {µa,b ∈ U(Fq) | a, b ∈ H} of nonzero elements of field Fq ,
satisfies
µa,bcµb,c = µab,cµ
σ(c)
a,b ,
and
ασ(a)σ(b) = µ−1a,bα
σ(ab)µa,b,
where α ∈ Fq and a, b, c ∈ H.
Then Fq ∗ H = {
∑
h∈H whαh | αh ∈ Fq} is a crossed product of the group H
and the field Fq and we have wdiwdj = wdkµdi,dj and αwdi = wdiα
σ(di).
Clearly, Fq ∗H and KλGeq are isomorphic because
uciαucj = uciucj (u
−1
cj
αucj ) = uckµci,cjα
σ(cj).
We know [5] that the group of units of the crossed product K ∗ H of torsionfree
abelian group H and the field K consists of the elements whα, where α ∈ U(K),
h ∈ H. By (12) for every y ∈ U(KλG),
y = uc1γ1 + · · ·+ uctγt and y
−1 = u−1c1 γ
−1
1 + · · ·+ u
−1
ct
γ−1t ,
where γ1, . . . , γt are orthogonal elements.
Let x = δ1ud1 + · · ·+ δtudt ∈ U(KλG). Then
yxy−1 = uc1γ1δ1ud1u
−1
c1
γ−11 + · · ·+ uctγ1δtudtu
−1
ct
γ−1t .
If Kλt(G) is infinite then Kλt(G) ⊆ ζ(KλG) and
yxy−1 =
t∑
i=1
δiuciudiu
−1
ci
=
t∑
i=1
δiλ
−1
ci,c
−1
i
λci,diλcidi,c−1i
ucidici−1 .
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Since G is an FC-group, by condition 2. of the Theorem, x has a finite number of
conjugates, so U(KλG) is an FC-group.
If Kλt(G) is finite then Fq is a finite field and
y−1xy =
t∑
i=1
γ−1i u
−1
ci
δiudiuciγi
=
t∑
i=1
λ−1
ci,c
−1
i
λc−1
i
,di
λc−1
i
di,ci
γ−11 δ
σ(c−1
i
)
i γ
σ(c−1
i
d
−1
i
ci)
i uc−1
i
dici
.
Since G is an FC-group and Fq is a finite field, x has a finite number of conjugates,
so U(KλG) is an FC-group. 
Theorem 5. Let KλG be an infinite algebra over field K, and char(K) does
not divide the order of any element of t(G). If the algebra Kλt(G) contains an
infinite number of idempotents then U(KλG) is an FC-group if and only if G is an
FC-group and the following conditions are satisfies
1. Kλt(G) is central in KλG and contains a minimal idempotent;
2. {λ−1
h,h−1
λh−1,gλh−1g,h | h ∈ H} is a finite set for any g ∈ G;
3. the commutator subgroups of G and of G are isomorphic and G′ is either a finite
group or isomorphic to the group Z(q∞) (q 6= p), and there exists an n ∈ N, such
that the field K does not contain the primitive qn-th root of 1;
4. for every finite subgroup H of the commutator subgroup of G the element eH =
1
|H|
∑
h∈H h is a nonzero idempotent of Kλt(G), and Kλt(G)(1− eH) is a direct
sum of a finite number of fields.2
Proof. Necessity. By Lemma 4, 6 and 7 Kλt(G) is commutative, G is an
FC-group and all idempotents of Kλt(G) are central in KλG.
Let us prove that Kλt(G) contains a minimal idempotent. Suppose the contrary.
Let a, b ∈ G and 1 6= [a, b] = g. Since g is an element of finite order n, by Lemma
9, [ua, ub]
n = 1 and
f = 1
n
(1 + [ua, ub]
1 + [ua, ub]
2 + · · ·+ [ua, ub]
n−1)
is an idempotent. By Lemma 11, for the idempotent 1 − f one can construct an
infinite sequence of idempotents e1 = 1− f, e2, . . . satisfying (9). By Lemma 9,
(1− [ua, ub])(ei − ej) = 0,
where i < j. Consequently ([ua, ub])
k(ei− ej) = (ei − ej) for all k and f(ei− ej) =
(ei− ej). This implies (1− f)(ei− ej) = 0. Since e1 = 1− f , e1(ei− ej) = 0. If we
2If KλG is a group ring, then 1) and 3) implies 4) (see [6] p.690, Lemma 4.3, also [10]).
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multiply this equality from the right by the elements e2, . . . , ej−1, by (9) we obtain
(ej−1 − ej) = 0. Now we arrived at a contradiction, which proves that Kλt(G)
contains a minimal idempotent.
It is easy to see that t(G) is infinite, otherwise Kλt(G) would contain a finite
number of idempotents. Kt(G) contains a minimal idempotent e, and there exists
only a finite number of elements g ∈ t(G), such that eug = e. Consequently
Kλt(G)e is an infinite field and contains K as a subfield. Then as in the proof of
Theorem 4, Kλt(G) is central in KλG.
Since {u−1g uhug | g ∈ G} is a finite set, we obtain condition 2. of the Theorem.
Suppose c ∈ G′ and
c = [a1, b1][a2, b2] · · · [an, bn].
Since Kλt(G) is central in KλG and 1− ei + eiubk ∈ U(Kλt(G)) we have
n∏
k=1
(1− ei + eiu
−1
bk
)uak(1− ei + eiubk) =
n∏
k=1
(uak(1− ei + ei[uak , ubk ]))
=
n∏
k=1
(uak)(
n∏
k=1
(1− ei + ei[uak , ubk ])).
for all i ∈ N. Since each ua1 , ua2 , . . . , uak has a finite number of conjugates, there
are only a finite number of different elements of form
∏n
k=1(1 − ei + ei[uak , ubk ]).
We denoted these elements by w1, . . . , wt. Let
Wr(c) = {i ∈ N |
n∏
k=1
(1− ei + ei[uak , ubk ]) = wr}.
It is easy to see that the set of natural numbers N can be written as a union of
subsets Wi(c) (i = 1, . . . , t), of which at least one is infinite. If W1(c) is infinite
and i, j ∈W1(c) then
(ei − ej)(1−
n∏
k=1
[uak , ubk ]) = 0. (13)
It implies that if
n∏
k=1
[uak , ubk ] = γ ∈ U(K),
then γ = 1.
Now we prove that the commutator subgroups of G and of G are isomorphic. It
is easy to see that the map τ(λug) = g (λ ∈ U(K), g ∈ G) is a homomorphism
from G to G. Every element h ∈ G
′
can be written as
h = [ua1 , ub1 ][ua2 , ub2 ] · · · [uan , ubn ].
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As we have shown above, if h = λ ∈ U(K) then λ = 1. Thus, τ is an isomorphism
from G
′
to G′.
Let H be a finite subgroup of G
′
. Then eH =
1
|H|
∑
h∈H h is an idempotent of
Kλt(G). Suppose that Kλt(G)(1 − eH) contains infinite number of idempotents
e1, e2, . . . . If H = {h1, h2, . . . , hs}, then as it is shown above, for every hj ∈ H,
N = W1(hj) ∪ · · · ∪Wr(j)(hj),
where j = 1, 2, . . . , s, and for every k 6= l, Wk(hj) and Wl(hj) have the empty
intersection.
It is clear that there exists an infinite subset M = Wi1(h1) ∩ · · · ∩Wis(hs). If
i, j ∈M , then by (13), we have (ei − ej)(1− hr) = 0 for any r. Then
ei − ej =
1
| H |
s∑
r=1
(hr(ei − ej)) = eH(ei − ej). (14)
Since (ei − ej) ∈ Kλt(G)(1− eH), by (14),
(ei − ej) = (1− eH)(ei − ej) = (ei − ej)− eH(ei − ej) = 0.
Thus, Kλt(G)(1− eH) contains a finite number of idempotents, and by Lemma 7,
it can be given as a direct sum of a finite number of fields.
Let us prove that there exist only finitely many elements of prime order in G′.
Suppose the contrary. If a, b ∈ G then 1 6= [a, b] = g ∈ t(G). As we have seen
above, if h ∈ G′, then there exists µ ∈ U(K) such that the order of the element µuh
equals the order of h. Then there exists a countably infinite subgroup S, generated
by elements of prime order, such that 〈g〉 ∩ S = 1. By Pru¨ffer’s Theorem [9] S is
a direct product of cyclic subgroups S =
∏
j〈aj〉 and qj is the order of element aj .
Then
ej =
1
qj
(1 + µuaj + (µuaj )
2 + · · ·+ (µuaj )
qj−1)
is a central idempotent and xi = 1 − ei + eiua ∈ U(KλG). By lemma 9 (ei −
ej)(1−µug) = 0. Since g /∈ S we have i = j, which does not hold. Consequently G
′
contains only a finite number of elements of prime order and satisfies the minimum
condition for subgroups (see [8]). Then
G′ ∼= P1 × P2 × · · · × Pt ×H,
where Pi = Z(q
∞) and | H |<∞. Let us prove that either G′ = Z(q∞) or | G′ | is
finite.
Let a, b ∈ G and 1 6= [a, b] = g ∈ t(G). Suppose there exists i such that
g /∈ Pi = 〈a1, a2, . . . | a
q
1 = 1, a
q
j+1 = aj〉. Then
ek =
1
qk
(1 + µuaj + (µuaj )
2 + · · ·+ (µuaj )
qk−1)
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is an idempotent and (ei − ej)(1− µug = 0. This is true only for i = j, if g /∈ Pi,
which is impossible. Thus, either G′ ∼= Z(q∞) or G′ is a finite subgroup.
Let K be a field which contains primitive qn-th root εn of 1 for all n and
P1 = 〈a1, a2, . . . | a
qn
1 = 1, a
qn
j+1 = aj〉.
Put
ej =
1
qj
(1 + εjµuaj + (εjµuaj )
2 + · · ·+ (εjµuaj )
qj−1).
If i 6= j then (ei− ej)(1−µug) 6= 0 and by Lemma 9 this is impossible. Thus there
exists n ∈ N such that K does not contain a primitive qn-th root εn of 1.
Sufficiency. Let us prove that any element ug (g ∈ G) has a finite number of
conjugates in U(KλG).
Let G = {κua | κ ∈ U(K), a ∈ G}. We prove that H = 〈[ug, G]〉 is a finite
subgroup in G
′
. If G
′
is finite, it is then obvious. If G
′
is infinite then it is
isomorphic to a subgroup of the group Z(q∞). Any element of the group G is of
the form µuh (µ ∈ U(K), h ∈ G) and
[ug, µuh] = λ
−1
g,g−1
λ−1
h,h−1
λg−1,h−1λg−1h−1,gλg−1h−1g,hug−1h−1gh.
Since G is an FC-group, and for a fixed element g the set {λ−1
h,h−1
λh−1,gλh−1g,h |
h ∈ H} is finite, the number of commutators [ug, µuh] is finite. These commutators
generate a finite cyclic subgroup H of Z(q∞). The element eH =
1
|H|
∑
h∈H h is a
nonzero idempotent in Kλt(G) and by condition 4. of the Theorem Kλt(G)(1−eH)
is a direct sum of a finite number of fields Kλt(G)(1− eH)fi (i = 1, . . . , s).
In Kλt(G) we have the decomposition
Kλt(G) = Kλt(G)eH ⊕Kλt(G)f1 ⊕ · · · ⊕Kλt(G)ft.
Then
KλG = KλGeH ⊕KλGf1 ⊕ · · · ⊕KλGft.
If x ∈ U(KλG) then
x = xeH + xf1 + · · ·+ xft and x
−1 = x−1eH + x
−1f1 + · · ·+ x
−1ft.
Consequently
x−1ugx = x
−1eHugxeh + x
−1f1ugxf1 + · · ·+ x
−1ftugxft.
We show that the element xeH is central in U(KλG). If x = α1uh1 + · · ·+ αtuht ,
then
ugxeH = α1uguh1eH + · · ·+ αtuguhteH
= α1uh1ug[ug, uh1 ]eH + · · ·+ αtuht [ug, uht ]eH
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and [ug, uh] ∈ H. Clearly, [ug, uhk ]eH = eH and
ugxeH = α1uh1ugeH + · · ·+ αtuhteH = xeHug.
KλGfi is a crossed product F ∗ H of the group H = G/t(G) and the field F =
Kλt(G)fi. We know ([5]) that the group of units of the crossed product F ∗H of
a torsionfree abelian group H and a field F consists of the elements αuh (α ∈
U(F ), h ∈ H). The unit element xfi can be given as αiuhi , where h ∈ G and αi is
central in U(KλGfi). Thus
x−1fiugxfi = u
−1
hi
α−1i ugαiuhi = u
−1
hi
uguhi = λ
−1
h
−1
i ,hi
λh−1
i
,gλh−1
i
g,hi
uh−1
i
ghi
.
Therefore
x−1ugx = ug +
t∑
i=1
λ−1
h
−1
i ,hi
λ
h
−1
i ,g
λ
h
−1
i g,hi
u
h
−1
i ghi
.
Since G is an FC-group, by condition 2. of the Theorem, ug has a finite number
of conjugates in U(KλG). 
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